1. Introduction. You can tell that a scientific problem has popular appeal when it is displayed pictorially on the cover of a major scientific journal. Spiral waves of activity in excitable media have been depicted on the covers of a number of journals, including Science [24] , [27] , [33] , [45] , [47] , [54] , Nature [8] , [29] , [52] , [64] , and Scient$c American [55] . (See also [28] , [34] , and [50] .) Beyoad their obvious esthetic appeal, spiral waves are important objects of study because they represent one way a medium that is usually in a spatially uniform steady state can become self-organized to maintain a far-fromequilibrium nonuniform pattern.
The two most important examples of spiral waves are observed in the BelousovZhabotinslq (BZ) reagent and on the myocardium. BZ reagent is of interest because it provides a relatively easy setting in which to perform experiments on self-organized structures. Spiral waves on the myocardium are important because they apparently correspond to ventricular tachycardia and fibrillation, the cause of death of over 1000 people in the United States every day.
In both of these contexts, spiral waves are usually observed as two-dimensional patterns, in BZ reagent, because most experiments are done with a thin layer of reagent in a petri dish, and in myocardium, because most observations of spirals use surface electrodes on the epicardium. But the Greeks realized that a spiral is the two-dimensional section of a three-dimensional scroll. This is apparent by looking at the spirals that adorn the top of columns of Greek temples built in the Ionic style (see Fig. 1 ). In the same way, whenever we see a cardiac surface electrogram or picture of BZ reagent in a spiral pattern, an obvious question concerns the structure and behavior of the scroll wave pattern in the interior of the region.
Remarkably, very little attention has been paid to the three-dimensional nature of waves in excitable media. Although Winfree has clearly recognized the importance of scroll waves for some time [55] and was the first to produce scroll rings in BZ reagent [56] , the first numerical computation of a scroll wave was described in the Russian literature in 1984 [39] . The first measurement of a scroll wave in myocardium was reported in 1988 [2] . Perhaps we are at a disadvantage compared to the Greeks because we bind our books instead of rolling them.
This paper is about the dynamics of scroll wave patterns in excitable media. There are three approaches to the study of these objects that are currently being used, and all three are in the early stages of their development. These are experimental, numerical, ' Received by the editors November 6, 1989 ; accepted for publication (in revised form) November 15, 1990. Portions of this workwere supported by National Science Foundation grants DMS-8801446(JPK) and DMS-8810456(JJT). t~e~a r t m e n t df Mathematics, University of Utah, Salt Lake City, Utah 84112. t~e p a r t m e n t of Biology, Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061.
FIG. 1 . Part of the fourth-centuly Ionic Temple ofArtimis at Sardis, the Lydian capital in Asra Minor: Height of two columns is 58A 2 in.
and analytical. The experimental study of scroll waves is made difficult by the fact that at this time, it is difficult to observe what is transpiring in the interior of the myocardial wall or in a thick layer of BZ reagent. The experimental scroll waves that have been observed have relied on the partial transparency of BZ medium [8] , [9] , [38] , [52] or on coarse measurements using plunge electrodes in myocardium. Techniques to obtain better data are under development.
The numerical study of the evolution of scroll waves is quite promising, and has been reported recently in this journal [57] . The numerical approach has been used extensively by Winfree and collaborators [4] , [6] , [8] , [9] , [26] , [35] , [36] , [60] , [57] in this country and by Panfilov and collaborators [32] , [39] , [42] , [41] , [40] , [37] in the Soviet Union. It suffers from the difficulty that to simulate systems of partial differential equations that are usually stiff in a large enough three-dimensional domain with sufficient resolution to see what is happening requires the resources of the biggest and best supercomputers.
The third attempt is with analytical methods, primarily asymptotic analysis, which is the primary focus of this paper. Much of the previous analytical work on this topic has been done in the Soviet Union by Panfilov, Mikhailov, Krinsky, Rudenko, and collaborators [32] , [41] . Their attempts to understand the dynamics of filament motion have found success by focussing on a number of special cases. One of the goals of this paper is to present a theory that encompasses all of the special cases that have been studied previously.
The organization of this paper is as follows: In the next section we derive general equations of motion governing the dynamics of scroll wave filaments. The goal of the rest of the paper is to learn something about the solutions of these equations and to ascertain from experimental and numerical evidence the extent of their validity. The three varieties of scroll wave filaments that have been studied are rings, helices, and knots. In $3, we discuss the behavior of the simplest scroll wave, the untwisted scroll wave, and summarize the experimental and numerical evidence for the validity of the equations of motion in this simplest case. In $4 we discuss the effects of twist, including the dynamics of twisted scroll rings and the formation and evolution of helical scroll wave filaments. We also show that numerical evidence forces some modifications onto the theory. Finally, in $5, we discuss how to analytically describe the behavior of knotted scroll waves.
The equations of motion.
The behavior of excitable media is usually described in terms of systems of diffusion reaction equations of the form where u represents the variables of state, A3 is the three-dimensional Laplacian operator, and D is a (nonnegative definite) diffusion matrix. The spatial domain is taken to be all of three-dimensional space, or if there are boundaries, Neumann (no-flux) boundary conditions are applied to all diffusing species. For chemical reactions, the variable u represents chemical concentrations (e.g., HBr02, Ce4+, etc.), while in myocardium one of the variables is the transmembrane potential across the membrane of cardiac cells and the remaining variables are typically gating variables which regulate the flow of ions, such as sodium, potassium, and calcium, through the membrane. For myocardium, the transmembrane potential is the only variable with nonzero diffusion.
If the state variables are homogeneous in space (so that there is no diffusion), (2.1) describes the homogeneous reaction of the mixture. It is typical of excitable systems (but not assumed for this discussion) that F(u) has a unique stable rest point, and that the dynamics starting from initial data in a small neighborhood of the rest point return rapidly and directly to rest. The medium is excitable because initial data that are slightly further from the rest point result in a large excursion of the state variables before their eventual return to rest.
For numerical calculations, three specific models have been used extensively. These are the Oregonator model of the BZ reaction [48] , the FitzHugh-Nagumo model [5] , and Pushchino kinetics [39] [40] [41] [42] . Each of these models are two variable models with u = (u, u), and F(u) = (f (u, u), g(u, u)), and diagonal difision matrix D with diagonal entries Dl and D2.
The Oregonator model has
with typical parameter values of E = 0.02 and q = 0.002. When the stoichiometric parameter f^ = 1.6,the medium is self oscillatory [6] , but with f = 3.0 it is excitable and not self-oscillatory [49] . The FitzHugh-Nagumo model has
Here the parameter a measures the excitability and must be between zero and i.When a is close to zero the system is highly excitable, but when a is close to 4 it is only marginally excitable. The parameter y is also constrained so that the intersection of the curves f = 0 and g = 0 at u = u = 0 is unique.
It is also common to use the piecewise linear version of the FitzHugh-Nagumo = 2 for u > 0.95. For this model, the parameter gf controls the excitability, and must be smaller than 1.1194, so that the steady state of the dynamics u = v = 0 is unique. The key assumption of this discussion is that in thin layers, that is, in two-dimensional domains, the medium supports rigidly rotating spiral waves with a unique wavelength and period. This assumption already presents an unsolved mathematical problem. There is substantial numerical and experimental evidence that rigidly rotating spiral solutions of diffusion reaction equations exist, and that their period and wavelength are uniquely determined, but the mathematical analysis of this problem is incomplete. As a result, necessary and sufficient conditions on F(u)and the diffusion matrix D for the existence of unique spirals are unknown. A summary of the attempts to solve this two-dimensional problem for excitable media is given in [49] and [31] [21] , [43] , [58] . It may be that in certain physical contexts rotating spiral solutions exist, but are unstable. For example, there are mixtures of BZ reagent for which the center of the spiral is observed to meander [9] , [59] , but a reasonable conjecture is that these meandering solutions arise through a symmetry breaking bifurcation from the symmetric, rigidly rotating solution [25] .
Undaunted by this lack of information, we will try to use the "known" solution of the two-dimensional problem to solve the three-dimensional problem. We will assume that a scroll wave can be constructed by "stacking" solutions of the two-dimensional problem, allowing them to vary slowly in the third dimension. We assume that, at any moment of time, there is a locus in space, called the scroll wave filament, about which the spirals in each cross section of the scroll are rotating. It is important to realize that there is nothing chemically distinct about this locus; the reaction term F ( u )is independent of space.
In the next few paragraphs we will give a summary (summarized from [13] ) of the mathematical details of the following computations. We will first introduce a new coordinate system using the scroll filament as one of the axes. We will assume that to leading order in some small parameter, the solution can be described as a slowly varying stack of the known two-dimensional spiral solutions. When we look for corrections to this leading-order theory we will find that a self-consistent solution can be constructed only if certain conditions on the motion of the filament are satisfied. These conditions are the equations of motion of the scroll wave filament.
We denote the locus about which the scroll wave is rotating by the position vector R(a, t), where a is the intrinsic coordinate along the filament, and t is time. The curvature and torsion of R are given by n and T, respectively. We suppose that T, N, and B are the tangent, normal, and binormal vectors for the curve R. Recall that the FrenetSerret equations relate the vectors T, N, and B to the curvature n and torsion T through [461
Here A measures the relationship between a and the arclength of the curve s. If A is constant, then s = Aa.
We now represent three-dimensional space using the Frenet frame X = R +pN + qB. This representation is locally orthogonal, but if the curve R has nontrivial curvature, the representation is unique only in a neighborhood of the centerline R. For distances more than the radius of curvature away from the curve R, the coordinate system has singularities. We can express the three-dimensional Laplacian in terms of the coordinates s, p, and q. Using the chain rule and the Frenet-Serret equations, we calculate that the gradient operator is where H u is the first-order differential operator Here, 0 is the angular variable in the polar coordinate representation of the p, q plane, p = r cos 8, q = r sin 0. In this coordinate system, the Laplacian operator can be expressed as Notice that the last two terms of this operator are the two-dimensional Laplacian in the p, q coordinate system. Next, we allow the filament R to move by making the change of time derivatives which again follows from the chain rule.
We want to approximate the solution of (2.1) using the fact that we know how to solve the corresponding two-dimensional problem. We assume that the curve R has small curvature and torsion and is moving slowly. We try to solve (2.1) with a solution of the form (see Fig. 2) 
FIG.2. Sketch of assumed spiral solution in Frenetframe.
where V(r, 0 -wt) is assumed to be the rigidly rotating spiral solution of the two-dimensional problem and ul is assumed to be a small correction term. The phase 4 is as yet undetermined. Notice that an increase in along the filament R corresponds to twisting of the scroll, in addition to the twist that may already be present due to torsion of the filament R. The sign convention for 4 used here is the opposite of that used in the original report of this work [13] . In the present formulation, the twist rate for the scroll is w = 4, +T (in order to conform to the TWSK convention [57], [51] ). Now we let E be a small parameter and assume that T and 4, are of the order of E, while ul, Rt . N, Rt . B, $t, $,,, T,, and K are of the order of c2. On substituting the assumed solution (2.12) into (2.1) (making use of the change of variables (2.10) and (2.11)), using the fact that V(r, 0 -wt) satisfies the two-dimensional diffusion reaction equation, and retaining only terms of order c2, we find a linear equation for the correction ul, given by
where L is the linear operator defined by and V = V(r, 0 -4 -wt). Here FU(V) is the Frechet derivative of the function F(u) evaluated at the known solution V. It is useful to rewrite some of the terms of (2.13). For example, where, since K is assumed to be of order c2, we replace 1-~p by 1. Now comes an important observation. Because L is not an invertible operator, a bounded solution of (2.13) will not exist unless some additional conditions are imposed. The null space of L is three-dimensional, spanned by the three linearly independent functions V, , V, , and Ve, corresponding to the fact that the spiral solution of the twodimensional problem has three degrees of freedom, two of translation, and one of rotation. The assumption that the frequency of rotation is unique is used here to exclude another possible degree of freedom, and a corresponding element of the nullspace of the operator L.
Since the operator L is not invertible, bounded solutions of (2.13) exist only if the right-hand side of (2.13) is orthogonal to all elements in the null space of the adjoint operator L*, where the inner product is given by where P = 2?r/w is the temporal period of the spiral solution. In the jargon of multiscale techniques, this is the same as requiring that there be no secular terms in the representation of ul.Although we cannot calculate explicitly the elements of the null space of L*, we assume that they are represented by three functions Y, , Y, , and Ye, and that (without loss of generality) these functions are normalized so that (V,,Y j ) = Sij, with i and j chosen from the set of three symbols x, y, and 8. The subscripts on Y do not represent partial derivatives.
The requirement that the right-hand side of (2.13) be orthogonal to the three elements of the null space of L* yields the three equations of motion where w = 4, + T,and the coefficients are determined by the inner products
where we have denoted V, = V , and V , = V, .
The equations (2.17) with coefficients (2.18) are the equations of motion for the scroll wave filament..They specify its normal and binormal velocities as well as the evolution of the phase of the scroll, assuming the curvature and twist rate are sufficiently small. We have no rigorous estimate of what is meant by sufficiently small, so we will allow empirical evidence to be our guide. For the moment, however, we expect the theory to be valid provided the radius of curvature is small compared to the natural space scale of the problem, namely, the wavelength of the spiral wave. We also expect the theory to be invalid if ever two parts of the same filament or different filaments come close to each other. Of course, this depends on the global structure of the filament and could happen even with small curvature and torsion.
It is not known how to calculate the coefficients (2.18) explicitly. However, an important simplification occurs if the diffusion matrix D is equal to a scalar D times the identity matrix, in which case, cl = c2 = c3 = c4 = 0 and bl = b2 = D. In this special case, the equations of motion (2.17) reduce substantially to In a real physical situation diffusion coefficients are never exactly identical. For calculationsin this paperwe shall nonetheless assume that the diffusion coefficients of the chemicaI species for BZ reagent are all equal, with numerical value D = 2.0 x 10-~crn~/sec = 0.12 mm2/min, although it is expected [8] , [9] that the diffusion coefficients are unequal in the ratio of 1 : 0.6. As we shall see, knowledge of D provides an important quantitative check for the theory.
It is the goal of the rest of this paper to discuss the behavior of solutions of the equations (2.17) or their simplification (2.19). However, as background for this discussion, it is useful to reformulate the equations of motion (2.17) into a form that is independent of the extrinsic position of the filament. The goal of the next few paragraphs (summarized from [15] ) is to find equations of motion for the curvature and torsion of the curve, which, if these are known, can be used in conjunction with the Frenet-Serret equations to reconstruct the actual curve R.
To do this, we suppose that the motion of the curve R in space is given by
The normal and binormal velocities a = Rt . N and P = Rt . B are specified by (2.17).
The tangential velocity y = Rt T is not specified by the physics of the problem, but is arbitrary, since tangential velocity corresponds only to a motion of the underlying coordinate description of the curve, not to a change of shape of the curve. The function y is often chosen so that a particular coordinate system, such as arclength coordinates, is preserved along the curve. Of course, since it does not correspond to an actual motion, y can also be set to zero. To find equations of motion for curvature and torsion we differentiate Rt in (2.20)
with respect to a,and R, in (2.7) with respect to t,and set Rut = Rt,. We find that
Since T is a unit vector for all time, T . Tt = 0, from which it follows that where Equation (2.22) determines how the coordinate system must change, and if A = 1, this determines how we must choose 7 so that the arclength coordinate is preserved. If we are looking for special solutions that do not change shape, it is appropriate to preserve arclength as the independent length variable, but to study the general motion of a filament, total length may not be preserved, and so setting A = 1is inconvenient in general.
Next, we differentiate Tt with respect to cr and T, with respect to t,and set Tot = Tt, to find that (2.24)
Since N is a unit vector, the vectors N and Nt are orthogonal, so that where (2.26) Later, when we discuss the evolution of knotted closed filaments, the condition that the solution curve be closed adds a further complication. In order to know that a space curve is closed we must have that R, the position vector, is a periodic function of its intrinsic coordinate. This implies that the curvature and torsion must be periodic, and that where P is the period of the periodic solution and T is the tangent vector to the curve R.
To know that (2.33) is satisfied, we must solve the evolution equations (2.29) along with the Frenet-Senet equations. Unfortunately, as stated in (2.7), the Frenet-Senet equations are not in a particularly convenient form to solve. As presented in (2.7), they are a system of twelve equations in twelve unknowns (three components for each of four vectors). Since the vectors T, N, and B are unit vectors, it is convenient to represent T and N in spherical coordinates in terms of the four variables 8, q, a , Q (only three of which are independent) as
Here the angles 8, q are angles in the x-yplane, and the numbers cP, Q determine inclination out of the x-yplane. That is, the angles 8 and q correspond to longitude, and angles 4 = sin-' @ and Q = sin-' Q correspond to latitude in a spherical coordinate system. The binormal vector can be expressed in terms of these angles since B = T x N.
It is convenient to let q -8 = n/2 +q, and then, since T and N are orthogonal, it must be that
Now the Frenet-Senet equations can be expressed as three equations in terms of the three variables, 8, @, and Q as where 3. Untwisted scrollwaves. The simplest example of a scroll wave filament is a planar scroll ring. An initially planar filament remains planar for all time if either it is perfectly circular or if the diffusion matrix is proportional to the identity matrix, and if the twist rate w is uniform.
If the twist rate w of a filament is zero, the equations of motion are
In the special case where the diffusion matrix is proportional to D times the identity matrix, b2 = D, cl = 0, and c3 = 0. The equation Rt .N = Dn was first derived for circular scroll rings with equal diffusion coefficients in [41] . If the filament is a perfect circle then the radius of the circle satisfies the differential equation with solution r2(t) = r$(t) -2b2t, where ro is the initial radius of the ring. In other words, a circular scroll ring should collapse and disappear in the finite time T = rg/2b2, and a plot of r 2 as a function of time should be a straight line with slope -2b2.
Experiments confirming these conclusions for BZ reagent have been done. Pictures in [52] show that a scroll ring with initial radius of about 3 mm shrank and disappeared in about 60 minutes. Using b2 = D = 0.12 mm2/min, we predict a lifetime for this scroll ring of about 40 minutes, which is in the right ballpark [19] .
An elegant experiment gave more detailed information about the evolution of circular scroll rings. In [8] , [60] , Jahnke, Skaggs, and Winfree reported the dynamics of a carefully created circular scroll ring. They used BZ reagent in a gel, and initiated an expanding circular wave in a layer of gel about 1.5 mm thick. After the wave expanded to a radius of 2.3 mm, a fresh layer of gel was added to the top of the old layer, and the free edge of the expanding wave front penetrated the new layer, forming a scroll ring. The radius of the scroll was measured and plotted as radius-squared versus time. Their results are reproduced in Fig. 3 . The upper (stars) and lower (dots) rows of data correspond to the outermost and innermost positions, respectively, of the observable wavefront edge as it circulated around the central filament (which is not observable). The dashed middle line represents the putative location of the filament. The slope of the line is -0.096 mm2/min, corresponding to a coefficient b2 = 0.048 mm2/min, which is close to the diffusion coefficient for HBr02 in gelled reagent at 5OC.
The equation of motion (3.1) does not require filaments to be perfectly circular but it should hold for irregular, planar shapes as well, provided cs = 0. Experimental verification of this is suggested by an integral invariant derived in [38] . If A is the area in the plane contained inside a region with all or part of its boundary a planar scroll wave filament ( is nonzero only on the part of the boundary corresponding to the moving filament. Recall that the curvature of a plane curve is defined as the rate of change per unit arclength of the angle 8 between the tangent and some fixed reference line, that is, Filaments need not be closed, but may terminate at the boundaries of the medium if it is finite. If a filament contacts a boundary, then a boundary condition must be applied. Since we are dealing with chemical media, Neumann (no-flux) boundary conditions are appropriate for the full systems of partial differential equations (2.1), and these can be translated into the condition that the filament be orthogonal to the boundary at its point of intersection (see (2.9)).
In a semi-infinite layer of excitable medium, there are two possible ways that a filament can intersect the boundaries. It can intersect the same boundary twice or it can traverse the domain and intersect opposite boundaries. (By semi-infinite, we mean that the medium is infinite in two directions, say the x and y coordinate directions, and finite in the vertical z direction.) Before we determine the effect of the boundary conditions on the motion of the filament, it is valuable to decide what the observable differences between these patterns would be. In Fig. 6 , we have reproduced a sketch from the work of Winfree [55] showing three scroll wave patterns and their intersections with horizontal boundaries. The first is the vertical scroll wave with spiral cross sections at the boundaries. The second is a tilted scroll wave whose intersection with the boundary is an elongated spiral. The third is a scroll wave whose filament intersects one boundary twice, with spiral cross section, but the intersection with the top boundary produces concentric ellipses rather than spirals. The implications of this sketch for cardiology are interesting. The usual way to determine a wave propagation pattern on the heart is with surface electrode recordings. Because of these recordings, cardiologists have identified two types of abnormal electrical activity connected with ventricular tachycardia, which they call reentrant and focal activity. Reentrant activity corresponds to a wave of electrical activity that appears to circulate, or reenter, the same region in a self-sustained manner, while focal activity appears to correspond to some periodic stimulus that produces patterns of expanding waves. Since myocardium is usually excitable but not self oscillatory, the usual explanation of a focal arrhythmia is that there has been some local change in the dynamics of the medium, or that the local dynamics has some region of periodic dynamic behavior that is not usually expressed. While we certainly cannot rule out such inhomogeneities, the existence of scroll waves suggests an alternative explanation that a focal arrhythmia is the surface expression of a closed scroll wave or a scroll wave whose ends are on the unseen boundary. However, to our knowledge, there has not been a demonstration in myocardium that this actually occurs.
These differences can be observed in BZ reagent. In thin layers (less than 1mm thick) of excitable reagent, the only patterns seen are symmetric spirals. Target patterns may spontaneously arise if the medium is self-oscillatory or if the medium has not been carefully prepared to eliminate dust particles bigger than 10-20 microns in size. But in thicker layers, two patterns can be seen, namely, elongated spirals and expanding concentric ellipses [55] .
The equation of motion for planar filaments (assuming c3 = 0) with boundary conditions predicts that the two different filaments will behave in entirely different ways. The filament that traverses the region, connecting opposite boundaries, should become vertical and persist indefinitely, while the filament that attaches twice to the same boundary should collapse and disappear in finite time. Indeed this is what is observed to occur in BZ reagent. In addition, however, the equation of motion (3.1) gives quantitative information about the rates at which this should happen.
For filaments that traverse the domain and connect to opposite bounding surfaces, the equation of motion can be rewritten (assuming b2 = D and c2 = 0) as [I91 Where x = x(z,t )is the horizontal position of the planar filament as a function of the vertical variable z and time t. The boundary condition dx/dz = 0 is applied at z = 0 and at z = h, where h is the depth of the region.
The solution of (3.6) can be found numerically, or, in the limit that dx/dz is small compared to 1, equation (3.6) is the heat equation and can be solved analytically. It is easily seen that the solution approaches a vertical straight line and its approach to this steady state solution is exponential with time constant T = h2/D,rr2. Thus, we learn that an elongated spiral pattern should become symmetrical as time proceeds, and should persist indefinitely. In Fig. 7 are shown results of the numerical simulation of (3.6) with layer thickness h = 1mm, where the natural logarithm of the filament half length is plotted as a function of time. The circles show the approximate length of two spirals in a series of photographs of waves in BZ reagent taken by Winfree (unpublished) . For these simulations, D = 0.12 mm2/min gave very good agreement with observations.
If the dish of BZ reagent is slightly tilted, the prediction is different. If we suppose that the top surface is horizontal and the bottom surface is tilted at an angle 9, then the area A in the plane of the filament, bounded by the filament and the domain boundaries (see Fig. 4b ) will change at rate dA/dt = -DO. The filament will appear to run "uphill" until it collapses at the place where the medium has zero thickness. The lifetime will be the same as that of a circular arc with the same subtended area, T = r;/2D, where ro is the radius of the equivalent circular arc. If the angle O is small, and the filament is very nearly vertical, the velocity of the filament will be DO/h, where h is the depth of the reagent at the location of the filament. Furthermore, a plot of the depth of reagent at the center of the spiral squared plotted as a function of time will be a straight line with slope -2D02. At the time of this writing, this experiment has not yet been done. Unfortunately, this motion may be very difficult to observe. For example, in a layer of BZ reagent that is 1mm deep with a 10 degree tilt, the scroll will move at a mere 0.02 mdmin.
The prediction for filaments that connect to the same boundary is that they should collapse and disappear in finite time. To estimate the time of collapse we again use (3.5), except now the angle subtended by the filament is 7r rather than 27r, so that It follows that a filament in BZ reagent with initial height of 0.5 mm and length 3 mm cannot persist longer than 4 minutes. This estimate is generous, as numerical simulations show [19] . Starting with a semi-elliptical filament with maximum height 0.5 mm and length 3.0 mm, it was found that the rate of collapse of the length was roughly linear with slope about 1mmlmin, and a lifetime of three minutes. Indeed, from Winfree's (unpublished) time-lapse photographs of BZ spirals, we measured 11sources of elliptical waves, all of which shrank at roughly constant rate (three at 2 mdmin, 7 at 1mdmin, and one at 0.5 mmlmin) [19] .
The results for neuromuscular tissue are less specific because the diffusion coefficients are not equal. For the case of unequal diffusion coefficients, we restrict our attention to perfectly circular filaments, and use (3.1). Now we notice three differences. First, we no longer know the numerical value of b2. Second, there is a new component of filament motion, namely, drift of the scroll ring along its axis of symmetry. And third, there is a change of the rotation rate of the spirals due to curvature. One simple observation JAMES F ' . KEENER AND JOHN J. TYSON from (3.1) is that in the cross section of the scroll wave, the filament will move along a straight line given by dzldr = -c3/b2, where z measures (vertical) distance along the symmetry axis, and T measures the radius of the circular filament. Panfilov and Rudenko [40] published the results of numerical experiments using Pushchino kinetics that lend credence to (3.1). In Fig. 8 we reproduce the results of their numerical calculations. The first plot is of normal velocity of the scroll ring as a function of curvature for two different values of the parameter gf, with D2 = 0. Notice that these curves are indeed linear for small curvature, and the slope of the curves give estimates for the parameter b2. In [41] , Panfilov, Rudenko, and Krinsky showed from numerical data that the normal velocity as a function of curvature for Pushchino kinetics with both diffusion coefficients equal to 1, and two values of gf = 0.775, and gf = 0.9 was a straight line with slope 1, as predicted by theory. Henze, Lugosi, and Winfree [6] 
For this calculation, the wavelength of the spiral was 21.5 space units, and Rt.N is nearly linear in the range with radius larger than one wavelength. There is substantial deviation from linearity only for radii smaller than one wavelength, and a stable ring is obtained with radius T = 4.8 space units, which is less than one quarter of a wavelength. Recalling that the linear theory was derived assuming that the curvature of the filament was small, this agreement is rather good.
The vertical drift velocity Rt .B as a function of curvature for Pushchino kinetics is shown in Fig. 8b to be linear, at least for small enough curvature. The slopes of the plotted curves provide an estimate for the parameter c3 for different values of gf. Clearly, the parameters b2 and c3 depend on the parameters of the dynamics in a nontrivial way, which is not the case when diffusion coefficients are equal. In Fig. 9a we plot an estimate of the parameters b2 and c3 as a function of the parameter gf, with D2 = 0. This plot is a rescaling of a plot first presented in [40] . Note that for small enough gf, b2 is negative, corresponding to expanding rather than contracting scroll rings. Finally, in Fig. 9b , we plot an estimate of the parameters b2 and c3 as a function of D2 with gf = 1. Note that b2 = 1and c3 = 0 at D2 = 1, as predicted by the theory. Again, this plot is a rescaling of data presented in [41] (see also [44] ).
In [6] Henze, Lugosi, and Winfree reported the results of numerical simulations of circular scroll rings using the Oregonator model for BZ reagent, with equal diffusion coefficients. They found Rt . N = 0.9306, close to that predicted by the theory, and no vertical drift, also in accord with the theoretical prediction. Their previously reported nonzero vertical drift [9] , [60] was probably the result of interaction with finite boundaries.
For the FitzHugh-Nagumo model with D2 = 0 there was no vertical drift for the piecewise linear dynamics [6] , but with cubic dynamics the vertical drift was Rt . B = 1 . 0 2 D 1 [4] . The overall conclusion is that for circular scroll rings, a linear function of curvature gives a good description of the normal and binormal velocities, at least as long as the radius of curvature is larger than about one spiral wavelength. For larger curvatures it may be necessary to add quadratic correction terms to obtain an adequate quantitative description.
The effects of twist.
In this section we examine the effect of twist on the motion of filaments. In general, we might expect scrolls to resist twist, and we shall show situations where this is indeed the case. However, if twist is somehow locked into the filament, its presence can have an important effect on the subsequent motion of the filament. ignoring terms of order n2, nw2, ~( w , )~, etc., we find that the twist rate w satisfies the equation subject to boundary conditions w = 0 at the ends of the filament (see (2.8) and (2.15a)).
Equation ( Recent experimental evidence gives some confirmation of this analytical result. Pertsov, Aliev, and Krinsky [44] report the results of an experiment with BZ reagent in a gel in which the untwisting of a twisted filament was observed. They created a twisted filament by differentially heating a cylindrical scroll, causing the warmer parts of the scroll to rotate faster than the cooler parts, introducing twist. Since the diffusion coefficient of heat is much larger than that of the reactants for BZ reagent, when they began their measurements of twist, the scroll was at a nearly uniform temperature, and therefore the reactant was uniform. In Fig. 10 we reproduce their results. Plots of the logarithm of twist rate as a function of time show exponential decay for filaments of length L = 0.5 cm and L = 1.0 cm. The time constants were r = 45 and 161 min, respectively, corresponding to a calculated diffusion coefficient of about 1.0 x 10-5cm2/sec. They also reported (but did not show data) that for a filament of length L = 2.0 cm, the time constant was about 7 times larger than that for L = 1.0 cm. This is not in agreement with the theory, as we expect only a fourfold increase due to the doubling of the length. There is as yet no explanation for this discrepancy between theory and observation.
For media with unequal diffusion coefficients, we can give a linearized analysis. We suppose that a straight filament of length L has some initial distribution of twist rate, which we suppose is not too large. We will also assume that the curvature and torsion, which are initially zero, remain small, so that a linearized equation of motion can be studied. If we retain only terms that are linear in curvature, torsion, and twist rate, then we also take A = 1, y = 0, and the normal and binormal velocities reduce to and o = s is the arclength coordinate of the curve. Furthermore, u and v (from 2.30) simplify to It follows that the twist rate and curvature evolve according to In this approximation, the torsion is determined by the quadrature Boundary conditions are determined by applying a no-flu condition at the ends of the filament. Specifically, we require the tangent vector to be orthogonal to the bounding surface, and the twist rate w at the boundary to be zero (see (2.3) and (2.9a)). If the bounding surface is flat, then the tangent vector at the bounding surface must not change as a function of time. From (2.22), this implies that u = v = 0 at the boundary, or from (4.3), that nu = w,, = 0, provided b2c4 -C2C3 # 0.
We can get some idea of the behavior of the solutions of these equations by examining a simple solution. As a practice problem, suppose that w ( o ,0) = wo sin 00,where R = nn/L for some integer n, and that curvature and torsion are initially zero. The solution of (4.4) can be found explicitly as ~( o , wo (A2 +blR2)eXlt (A1+ blR2)eXzt sin Ro,
( X I +ha2)(& +blR2)(exlt-e x z t ) cos flu, where X 1 and X 2 are distinct roots of the quadratic polynomial
In this special case, the torsion is zero for all time.
It is an easy matter to determine that the real parts of the roots of (4.7) are negative if bl +b2 > 0 and bl b2 -c1c2 > 0. Furthermore, both roots are real if (bl -b2)' > 4c1c2.
In this case, the function w ( o , t ) is a monotone decreasing function of time, but the curvature ~( o , t ) at first increases in amplitude and then decreases and eventually returns to zero. If the roots are complex with negative real parts, the decay of the twist rate to zero is oscillatory, and the curvature, even though it is initially zero, is oscillatory in time, with amplitude that eventually goes to zero. In other words, the twist of the spiral is eliminated, but not without some transient distortion of the shape of the filament.
The complete solution of the problem for arbitrary initial data can be found as a superposition of solutions of the form (4.6), and the answer is qualitatively the same, namely, the twist is eliminated at an exponential rate, but in the process of this elimination, the filament is distorted before it returns to the straight untwisted filament. This is in distinct disagreement with the results of [32] , where the dynamics of twist rate for a system with only one nonzero diffusion coefficient was described using a method of approximation that made the a priori assumption that initially straight filaments remain straight for all time. It is worth noting that the distortion from the straight filament is predicted by the theory only in the case of unequal diffusion coefficients. With equal diffusion coefficients, the elimination of twist rate is described by (4.1), and there is no transient distortion of the straight filament.
In a similar way, even if nonuniform twist rate is eliminated from a closed scroll ring, we expect that an initially planar scroll ring will be transiently distorted into a nonplanar ring by the presence of nonuniform twist rate, before returning to the planar configuration.
Part 11. Uniform twist rate. There are two ways to lock twist into a filament. If a filament is a closed curve, then the total twist relative to the Frenet frame, given by j' 4,ds, must be an integer multiple of 2n, and this twist is an invariant. (The total twist T w = j' w ds is not an invariant.) Alternately, we can make the nonphysical assumption that the filament is infinitely long, but periodic, so that twist is locked into each period of the filament. This is the assumption used in numerical computations of helical scroll filaments [6] , [57] .
A. Helical scrollJilaments. To study the motion of helical filaments, we describe the filament by the position vector (4.8) R = (a cos u, a sin u, bu + w t ) , and then the curvature, torsion, and length scale are One wrap of the helix has height 2nb and total arclength 2nA.
The equations of motion (2.29) tell us how a and b change. Using simple manipulations we learn that so that 2nb, the "height" of the helix, does not change, although a, the "radius" of the helix, may change. In addition, we learn that In this family of helices, K = 0, T = l l b is a straight filament with a = 0; the case K = 0, r = 0 occurs when a = m. We could equivalently write (4.11) as an evolution equation for K~ or a, but in any case, the evolution is governed by a first-order ordinary differential equation.
Because at = -a and bt = 0, we have that Rt .T= wb/A, Rt. N = a , Rt .B = wa/A. Thus, (2.17a) and (2.17~) imply that Once equation (4.11) is solved for n and T, equation (4.12a) determines the rate at which the helical filament itself is spinning (i.e., the drift of the helix in the direction of its axis), and (4.12b) determines the change in the angular frequency of rotation of the scroll wave around the steady helical filament (i.e., the difference in frequency of the rotating helical scroll wave compared to an untwisted scroll wave rotating around a straight filament).
To complete the description of helical dynamics we must decide how the scroll is twisted. If we take 4, = 0, so that w = T, then the twist rate of the scroll is the same as the twist rate of the Frenet frame, namely, per turn of the helix. This scroll is untwisted with respect to the Frenet frame, but in an absolute sense it is twisted. Indeed, if the helix approaches a straight filament (let a + 0), we find that Tw = 1. If we take 4, = -A-l (i.e., 4, = -I), then per turn. This scroll, though it is negatively twisted with respect to the Frenet frame, is actually untwisted since, as the helix approaches a straight filament, we find that Tw = 0. To satisfy periodic boundary conditions, we could take 4, to be any integer, so that 4 goes through an integer multiple of 27r in each wrap of the helix, in which case the twist rate of the scroll ribbon is w = T + nA-l. However, for the remainder of this section, we shall consider only once twisted helices, with w = T. The analysis of uniform helical filaments is simply the study of the first order differential equation (4.11) with w = T +nA-l substituted into a = a ( n ,w)= Rt.N.We plot the trajectories for this equation in the two-dimensional plane with coordinates T and n.
In this plane, the variables are restricted to lie on the circle n2 + (T-(1/2b))2= 1/4b2.
By plotting the curve a = 0 on this same plane, we determine when there are steady state solutions, and by knowing the sign of a at any point on the circle, we determine the direction of motion and the stability of steady solutions. One observation is immediate from (4.11). The straight filament K = 0, T = l / b is a steady state solution even though a may not be zero when n = 0. If a(n, w) is not zero at K = 0, then the approach to or departure from this steady state is not exponential in time, but is algebraic. If T is close to lib, then to leading order in l / b -T, If a(0, lib) > 0, then the steady state is stable, and it is reached in finite, rather than infinite, time, whereas if a(0, lib) < 0, we should expect the straight filament to grow rapidly, or in the words of Henze, Lugosi, and Winfree [6], to "sproing," into a helix. At this point we meet a major discrepancy between theory and numerical findings. If we take a (~, w ) = b2~-a2w2 as in (2.17), we find that all straight filaments are stable if a2 is negative, and all straight filaments are unstable if a2 is positive. However, Henze, Lusogi, and Winfree [6] report numerical evidence that, for the Oregonator model and for the piecewise linear FitzHugh-Nagumo model, the straight filament is stable for small twist rate (large b), but loses stability as the twist rate increases (b decreases). When there is a change of stability, a nontrivial helix bifurcates from the straight filament. In Fig. 11 the numerical data is shown for the Oregonator model from [6] . Shown is the curvaturetorsion phase portrait with circles whose radii are proportional to the normal velocity of the helixwith coordinates located at the center of the circle. Straight filaments with small torsion (large b) remain straight, but straight filaments with large torsion (small b) grow rapidly into a helix of some fixed radius. The trajectory of a helix in the curvature-torsion plane is always along the circular arc with diameter l / b and center at n = 0, T = 1/2b.
To destabilize the straight filament as twist rate increases, a(0, w) must change sign for some value of w. To accomplish this we include higher-order terms in w in our expansion of a ( n , w) that become important only when twist rate is large. Winfree [57] has shown that a(n, w) is an even function of w, so the next order correction in w must be 6w4. We have already seen that in some situations (recall (3.8)) it may be necessary to include higher-order correction terms for the curvature as well, so we are led to consider the function as the simplest expression with the potential to include all known phenomena.
Before we discuss the results for this model, it is worthwhile to establish reasonable expectations for the validity of the theory. The goal is a theory describing the motion of filaments in terms of the local curvature and twist rate. When different parts of the same filament move close together it is reasonable to expect that a local theory will fail and that accurate description of the motion will involve nonlocal effects. For this reason, we cannot expect the theory for helices to be accurate when both the curvature and torsion are small but nonzero. This is unusual, because normally it might be expected that when curvature and torsion are both small, the theory should be at its best. But note that one wrap of a helix with small curvature and small torsion is very nearly a circle, but that unlike a circle, different parts of the filament are quite close together, violating the assumption that there are no nonlocal interactions.
To quantify when different parts of the same filament are too close together, we calculate the distance in the normal-binormal plane at some point of a helix to other points of the helix that intersect the same plane, if any. It is a simple calculation to show that this distance is where o is any root of the equation o + (a2/b2)sino = 0. Now the study of helical motion (of once-twisted helices) is reduced to the study of (4.11) using (4.16) with w = in our description of a (~, T w), outside of the region in the curvature-torsion phase plane in which the interfilamental distance (4.17) is less than some reasonable number, say one spiral wavelength. A sketch of this forbidden zone superimposed on the data from Fig. 11is shown in Fig. 12 .
For once-twisted helical filaments there are eight distinct phase portraits that occur depending on the signs of the constants appearing in (4.16). These eight cases are summarized in Table 1 . Of the eight cases, the four with a2 and 6of the same sign have bifurcations of helices from a straight filament at the critical twist rate w = m.
For the piecewise linear FitzHugh-Nagumo equations and for the Oregonator model, Henze, Lugosi, and Winfree [6] report a bifurcation of the straight filament to a helix as the torsion of the filament is increased. Furthermore, the straight filament was stable for small twist rate. This suggests that a2 and y are negative and bz is positive, corresponding to either case iv or case v of n b l e 1. The phase portraits for these two cases, and their corresponding bifurcation diagrams are shown in Figs. 13 and 14 . The differences between these two phase, portraits depend solely on the sign of 6, and these differences are only important for large curvatures, where the theo~y may in fact break down. However, the numerical data (shown in Fig. 11 ) suggests that 6 < 0, corresponding to case v. The similarity between Figs. 11and 14a is apparent. By choosing a 2 = -0.063b2Xo, y = -0.317b2Xo, 6 = -0.003b2X& where Xo is the wavelength of two- dimensional spirals, in this case 15.5 space units [20], we obtained reasonable quantitative agreement between the nullcline a = 0 and the data in Fig. 12 , outside the stippled forbidden zone. However, inside this zone there is a problem. In our theory (Fig. 14a) , the locus a = 0 intersects the curvature axis, which means that there should exist a stable scroll ring whose curvature satisfies a (~, 0. Numerical simulations of scroll rings in 0) = the Oregonator model [60] show no evidence of such a scroll ring, but rather show that they shrink to oblivion following the linear law Rt . N = b 2~.
These observations suggest that the choice (4.16) of nonlinearities for Rt . N is unsatisfactory. A better choice might be
In this case, Rt . N = bzn when w = 0, in accord with the scroll-ring calculations [60] , but when w is not close to 0, the a = 0 nullcline still has the shape illustrated in Fig.  14a , which conforms to the scroll-helix calculations [6] . The difference between (4.16) and (4.16a) is significant only in the forbidden zone, where the a = 0 locus predicted by (4.16a) bends upward to approach the K-axis asymptotically as w -+ Of. A decent fit of (4.16a) to the data in Fig. 11was obtained by choosing a2 = -0.18bzXo, y = -0.36b2Xg, and 6 = -0.0066b2Xi. In the discussion to follow, we revert to (4.16).
For piecewise linear FitzHugh-Nagumo kinetics, we found good agreement with published data using (4.16) with a2 = -0.07bzXo, y = -0.26b2Xo, 6 = -0.0017bzXi, where Xo = 31.3 space units [20] . For Pushchino kinetics with gf = 0.77, it is reported in [6] that all straight twisted filaments are unstable, and deform rapidly into helices. This suggests that a2 is positive (because straight filaments with small twist are unstable) and y is negative (because there is no change of stability as twist increases). We know from Fig. 8a that b2 is negative (in [6] it is reported that b2 = -0.002), suggesting a phase portrait similar to either case iii or vi. The phase portrait for case vi is shown in Fig. 15 . The direction of flow shown on Fig. 15 corresponds to the choice of signs bz < 0, a2 > 0,6 > 0, and y < 0, as proposed for Pushchino kinetics, but opposite the signs listed for case vi. The only consequence of this sign reversal is a reversal of the direction of flow on the phase portrait. For this case there are two steady helices, one stable and one unstable, for sufficiently large twist rate, and no steady helices for small twist rate. The steady helices that exist for large twist rate do not arise as bifurcations from the straight filament, but as large amplitude limit B. Twisted scroll rings. The study of twisted circular scroll rings is easier than that of helical filaments. For a circular scroll ring, torsion is zero, and the uniform twist rate is locked in since the filament is closed, hence w = $, must be an integer multiple of 6. The dynamics of such a scroll ring are governed by (take
where CY is the function of curvature and twist rate (4.16).
We can use the torsion-curvature phase portrait to study (4.18) . Similar to the case of helices, we plot the nullcline a(&, w) = 0 in the wrc plane and restrict the motion to the straight line w = nrc for any integer n. We cay always assume that n is positive, since a is an even function of w.
The problem of interest is to compare the behavior of rings with and without twist. Without twist, the situation is easy to summarize. If b2 and y are of the same sign, there are no nontrivial, steady, untwisted rings, but there is a unique steady untwisted ring if
The addition of twist when b2y > 0 (no steady untwisted rings) creates a steady ring if b26 > 0 (cases ii and iv), but if b26 < 0, there are no steady twisted rings if b2a2 < 0 (case iii) or there are two steady twisted rings if there is enough twist when bzaz > 0 (case i).
If b2y < 0 (one steady untwisted ring), the addition of twist enlarges the ring if b2az > 0 (cases vii and viii), but decreases the size of the steady ring if b2a2 < 0 and a26 < 0 (case vi) for n small enough, but there is no steady ring for large n. In the one remaining case (case v) the easiest way to understand the consequences is to look at the plot of the nullclines a ( n , w) = 0 shown in Fig. 14 . Apparently, for small n, the steady ring with twist is decreased in radius, but for large n it is increased.
The stability of these rings is easily determined from the phase portrait. We are in a position to make some predictions. If, as we suggest, the Oregonator model and piecewise linear FitzHugh-Nagumo model belong to case v, then these should have steady twisted scroll rings that enlarge as n becomes large. For Pushchino kinetics and gf > 0.82 there should be stable twisted scroll rings, but no steady untwisted scroll rings, while for smaller values of gf (when b2 < 0) we expect an (unstable) steady untwisted scroll ring that is compressed with the addition of twist of small n. With large n, there should be no steady twisted scroll rings.
These predictions must be understood with the realization that they are valid only to the extent that a local theory is applicable. That is, if ever the scroll rings get too small, the theory is not to be trusted. Furthermore, in the presence of large twist rate it may be that a planar ring becomes unstable to nonplanar imperfections and buckles into a nonplanar ring, much as a straight filament is deformed into a helix with the addition of sufficient twist.
Knotted scroll wave filaments.
Our goal in this section is to examine the possibility that there are time invariant solutions of the equations of motion (2.17) having complicated topological structure. The first suggestion that the filaments of three dimensional scroll waves could have complicated topological structure was made in the series of papers by Winfree and Strogatz [61]- [65] , in which they used topological arguments to classify the structure of singular filaments. However, their imaginative work did not address the question of how one might actually find solutions of the governing diffusion reaction equations that had the desired topological structure. Winfree [57] , [7] found numerical evidence that knotted scroll waves exist.
In this section we present analytical evidence for the existence of invariant knotted scroll wave filaments. This analysis is divided into two parts. First, we discuss how to find solutions of the Frenet-Serret equations that are closed knotted curves. That is, we want to determine characteristics of the curvature and torsion of a curve that guarantee that the curve is closed and knotted. Second, we will examine the equations of motion (2.17) to see if there are solutions having this specific topological structure.
To follow this program we first need to understand a few features about knotted curves. One of the easiest ways to construct a knot is to wrap a string around a donut, or torus. A torus can be described as the cross product of two circles of radius T I and ~2 with T I > 7-2 and corresponding angular variables 4 and 8. Any curve drawn on the surface of a torus has a winding number defined as follows. In words, the winding number is the average number of wraps of the curve around the small radius of the torus per wrap around the large radius. The winding number exists and is unique if the curve is not self-intersecting, and is an invariant for the curve. That is, if the curve is deformed without self-intersections into another curve, the winding number is unchanged.
'The important fact about knots that we will use is the following theorem One important way to find complicated solutions of a differential equation is to find them as solutions that bifurcate from simpler solutions. We ask if it is possible to construct a torus knot as a solution of a differential equation via a bifurcation from a simpler solution curve. There is reason for optimism that this will work, since it is easy to collapse a torus knot into a simpler structure. Notice that if the small radius of a torus is allowed to approach zero, the torus approaches a circle, and the knot becomes an n cover of the circle with the curve twisted around itself m times. To undo this collapse we should look for a curve whose curvature and torsion oscillate with very small amplitude m times as a circle is traversed n times, with m and n relatively prime.
To see how this works we solve a practice problem. Suppose the curvature and torsion of some nearly circular closed curve are known, and suppose that the curvature and torsion are small amplitude oscillatory functions that oscillate m times as the circle is traversed n times. We will show how to find a closed curve solution of the Frenet-Serret equations and that the resulting curve is a torus knot with winding number mln. To be specific, we suppose that the curvature and torsion of the curve are given by (to leading order in some small parameter 6)
where p = Here we take the independent variable a to vary over the fixed ~~~m l n . interval 0 < a 5 2 n n l~~. We seek solutions of the Frenet-Serret equations (2.36) that are closed curves for 6 small, and use A = A ( €)to adjust the total length of the curve, and TO = ~~ ( 6 ) to adjust the average value of torsion so that the curve is closed. It is a straightforward matter to show that closed curve solutions for this problem exist. In fact, using the implicit function theorem, we can readily show the following theorem.
THEOREM 5.3 . Suppose that (a) and TI (a) are periodic functions of period P, and that there are integers m and n so that m P~0 = 2nn. Suppose further that 
The arclength variable for the cuwe is s = A(E)u.
The solution of our practice problem and the proof of this theorem follow from a straightforward regular perturbation calculation and application of the implicit function theorem. We assume that the independent variables for the Frenet-Serret equations (2.36)have power series expansions in E of the form We expand the Frenet-Serret equations (2.36) into powers of E and collect like powers of E. The leading order equations are
We seek periodic solutions of (5.6) with period m P = 2n7r/rco. These exist if and only if solvability conditions are satisfied, namely, if and only if TI (a) is orthogonal to both sin rcoa and cos rcoaon the interval 0 5 a ImP, and If the average value of nl (a)is zero, we pick A1 = 0. Furthermore, we require that the integral of the tangent vector T b a e r o . To first order in E,this implies that rcl (n) must be orthogonal to sin KOU and cos KOU, and that the average value of T~(a)must be zero on the interval 0 5 n 5 mP.
To carry out the perturbation scheme, we must have enough adjustable free parameters to satisfy periodicity requirements at each order of the perturbation scheme. llvo free parameters are necessary. The scale factor A = A(€)is used to ensure that 8(a) is periodic, and the average value of T is used to ensure that the average value of @ is zero. These observations are sufficient to allow us to write (2.36) (via a standard application of the Lyapunov-Schmidt technique) in a form to which the implicit function theorem can be directly applied, guaranteeing that there is a solution of the full problem for all E sufficiently small [3] , [14] .
For the special example (5.1) where the curvature and torsion are simple trigonometric functions, we can solve the leading order equations explicitly. We find that the leading order solution is given by @ I(n) = The first of these shows how the length of the curve changes as a function of E. In fact, SO that for nonzero 6 the arclength of the curve is 2 n~A (~) / n~, which is slightly greater than 2nn/mj. Now we can verify that for 6 small, the curve R is indeed a torus knot. This is done by showing that the curve R lies on a torus and then calculating its winding number. To see that this is a curve on a torus, we rewrite the curve R(a)in toroidal coordinates as
R(a)= &(t) +a(t)N(t) +,D(t)B(t), where Ro(t)is the center line of the torus, N and
B are the normal and binormal vectors for the centerline & ( t ) ,and t is some yet to be determined function of a. We take the centerline Ro(t)to have components 1 1 If b c # 0, the curve R is a closed t o m knot with winding number rnln for all nonzero E sufficient& small. Furthermore, the knot is righthanded i f b. c > 0, and lefrhanded i f b e c < 0. Now comes the task of determining if so1ut:qns of the governing differential equations (2.17) having the structure of (5.17) can be found. For the discussion that follows we will ignore the possible corrections to equations (2.17) suggested by the analysis of $4 (for example, (4.16)). These correction terms give quantitatively but not qualitatively different results.
In order to have something from which to bifurcate, we assume that a2 and b2 have the same sign, so that a scroll ring can be stabilized by the addition of twist. We pick KO = a2w;/b2, with wo = where n and j are integers, in the hope of finding a j~~l n , torus knot with winding number m/n having total twist relative to the Frenet frame of 2 j r .
We will look only for invariant solutions, that is, solution curves that, although they move about in space, do so rigidly without change of shape. There are two ways to look for translation invariant solutions. We can make a change of variables to a moving coordinate system, say f = a -ct, and then time derivatives are replaced by space derivatives times -c. Equivalently, we can allow the tangential velocity y to have a nonzero constant part yo, and look for solutions that are independent of time. In either case, we have a system of ordinary, rather than partial, differential equations to solve. The yet to be determined number c = yo is the speed at which the resulting knot rotates rigidly about its axis of symmetry.
Next we linearize the governing equations (2.29), (2.30), (2.32) about the assumed trivial circular solution. We look for solutions of the linearized equations that have spatial dependence eij'". Equivalently, we look for solutions of the linearized timedependent equations of the form eij'("-ct). Solutions of the linearized equations exist if the characteristic equation is satisfied.
The characteristic equation for the full system of (2.29), (2.30), and (2.32) is very complicated and not particularly illuminating. Henceforth in this discussion, we will make the simplification that cl = c2 = Q = c4 = 0 and bl = b2 = 1. With this simplification, we find that periodic solutions of the linearized equations exist if and only if the equations are satisfied. (These equations correct a sign error in the original report of this work [15] wherein wo is replaced by -wo.)
We interpret the equations ( In Fig. 18 , we show a typical sketch of these curves in the al, ~o a 3 parameter plane. The apparent intersections of these curves do not correspond to a higher-order null space (a multiple bifurcation point) since at the intersections, x has the opposite sign on the two curves. Using Theorem 5.4, we learn that the handedness of the torus knot that results is determined by the sign of 'yoas. In particular, if yoa3 is positive, the knot is lefthanded, while if yoa3 is negative, the knot is righthanded. The sign of 'yo also determines the direction of spin of the rigidly rotating knot. Thus, if a torus bifurcation occurs, we can find the torus knot of the opposite handedness rotating rigidly in the opposite direction simply by changing the signs of wo and 'yo.
To learn more about the behavior of the bifurcating torus knot, it is necessary to carry out a perturbation expansion to find the small amplitude periodic solution. This is a standard small amplitude expansion that we will not belabor, primarily because it is so complicated that the details of the calculation should under no circumstances be displayed. In fact, this perturbation calculation was automated using the algebraic programming language REDUCE, without which this computation would not have been done. We assume that the solution can be represented as a power series in some small parameter E for nearby parameter values where a10 and a30 satisfy the characteristic equation (5.21), and we expand everything in sight in powers of E. We substitute the assumed form of the solution into the governing equations (2.29), (2.30), and (2.32) and solve the equations sequentially for each order of E. In addition to the governing equations (2.29), (2.30), and (2.32), we require that so that the total twist relative to the Frenet frame is a fured integer multiple of 27r. In order that the solution curve be closed, we must also require that (5.19) hold.
The results of this calculation yield a unique periodic solution that is a power series in c. Since the general result is too complicated to reproduce here, we took the specific parameter values wo = 6 0 ,70= wo/2, p = i~(a trefoil knot), from which it follows that 60a3 = d m ,a1 +Koa3 = -1. For these specific parameter values, the solution has the form We learn from this calculation that there are regions of parameter space in which "small amplitude" rigidly rotating knots exist. The parameter space in which a particular knot exists depends on the winding number and total twist of the knot. Apparently, only certain knots can exist for particular parameter values. To completely sort out the behavior of knotted solutions in the full parameter space requires additional global analysis, most likely numerical computations.
The relationship between the "small amplitude" knotted solutions of the equations (2.17) and the original partial differential equation (2.1) is tenuous. The assumptions implicit in the derivation of the equations (2.17) were that the filament is slowly varying in space and that different parts of the curve remain well separated. This second assumption is conspicuously violated by the torus knot solutions found here. Near the bifurcation to a torus knot, there is so much interaction between different parts of the filament, that the equations of motion are unlikely to be valid. Thus, although these are valid solutions of the approximate equations (2.17), only the "large amplitude" solutions are candidates for solutions of the diffusion reaction system (2.1).
In this discussion, we have considered only invariant torus knots. We have not considered their stability, nor have we looked for more complicated structures such as iterated torus knots. One interesting context in which the iterated torus knots arise naturally is in the study of the simplified model problem with a = 0 and P = K for the equation of motion Rt= KB.This equation arises as a description of the motion of vortex filaments in an ideal fluid [23] . In a separate study of this equation [16] , the closed curve solutions of this model equation were described. It has been understood for some time that the equation is completely integrable, since it can be rewritten in the form of the nonlinear Schrodinger equation. Furthermore, the invariant solutions of the equation can all be found explicitly, and can be shown to be torus knots [22] . Probably more interesting from a mathematical point of view is that the invariant torus knots can be interpreted as solitons, and superposed via a nonlinear inverse scattering transform. The resulting multiple soliton solutions are not invariant objects, but may be torus knots or iterated torus knots that vary quasiperiodically with time.
The equations of motion (2.17) are certainly not completely integrable, so the techniques and results of [16] do not apply. Nonetheless, it is interesting to recognize that other more complicated knotted solutions may exist, and that they may arise as higherorder bifurcations.
Conclusion.
The analysis of the dynamics of scroll wave filaments is far from complete. Here we have surveyed some of the initial attempts to understand the behavior of scroll wave filaments using analytical tools. But, as we saw, the equations are only approximate, and there are numerous aspects of the equations that are not completely understood.
There are three challenges that remain to be confronted. First, the equations of motion need to be improved to account for large curvature and twist rate and for interactions with other nearby filaments. Second, a direct, quantitative correspondence between the equations of motion and the original system of diffusion reaction equations is needed. That is, we would like to have ways to calculate the coefficients of the equations directly. Finally, we would like to use these equations to understand and perhaps provide clinically relevant information about the dynamics and control of life-threatening cardiac arrhythmias.
